To study the effect of car body-mounted equipment on the car body flexible vibration, a vertical rigid-flexible coupling model of a high-speed vehicle is established, which includes a flexible car body, rigid bodies for two bogie frames, four wheelsets, and the car body-mounted equipment. The car body is approximated by an elastic beam, with dimensions selected to give similar mass and vertical bending frequency to an existing car body. Model validation is then carried out by comparing results from numerical simulation and on-track test. Using frequency response analysis and ride comfort analysis, parametric studies are undertaken in order to investigate the respective effect of equipment mounting systems on the car body flexible vibration and ride comfort perceived by the passenger. It is found that the equipment behaves as a dynamic vibration absorber on account of its elastic connections to the car body. The stiffness, damping, mass, and installing position of the equipment have a significant influence on the car body flexible vibration. The optimal parameters of the dynamic vibration absorber are given, which can contribute much to the vibration absorption of the car body flexible vibration. Finally, extensive tests on a high-speed test vehicle are conducted to represent a part of results obtained in the numerical study, including modal tests on the car body, component tests on rubber springs used in the equipment mounting systems, and roller rig tests on the vibration absorption performance of the equipment. It is shown that the car body flexible vibration can be effectively suppressed by reasonably suspending the car body-mounted equipment.
Introduction
Comfort is a determining factor for the passenger. However, in order to increase the vehicle speed, and also to reduce wheel/rail impact, energy consumption, and manufacturing costs, the requirements for a lighter car body have increased. Car body lightweight design often leads to a reduced stiffness of the structure, which usually results in lower natural frequencies. This increases the risk of resonance vibration, which negatively affects ride comfort. 1 Moreover, with train speeds getting faster and faster, the electric multiple unit (EMU) is often used. As a result, many necessary devices have to be mounted on the frame of the car body to draw power from the electrified infrastructure, such as pantograph compressor, traction transformer, traction converter, and so on (see Figure 1 ). They have different quantities ranging from a few dozen kilograms to several tons. Due to the coupling effect of the car body and equipment, the first vertical bending frequency of the car body (typical flexible mode that mostly affects ride comfort 2 ) will be reduced to 10 Hz or even lower. 3 Human beings are mostly sensitive to this frequency range, and consequently it affects the passenger's comfort to a great extent. 4 Therefore, it is important to investigate methods to reduce the car body flexible vibration with a view to improve ride comfort.
The topic of suppressing the car body flexible vibration is of considerable interest to academic researches. However, most works focus on methods such as optimizing the car body structure, 5 using active suspension system, 6, 7 changing the specifications of car body, bogies and their connecting elements, 8 increasing car body structure damping, 9 and
Traction Power State Key Laboratory, Southwest Jiaotong University, Chengdu, P. R. China mounting piezoelectric actuators on the car body structure. 10, 11 Few research works have paid attention to the approach by adding a secondary oscillator to the car body (devices suspended under the car body can be naturally utilized). This secondary oscillator is commonly called a dynamic vibration absorber (DVA). Gong et al. 12 investigated the effect of DVA on the car body resonant vibration by taking into account of bogie spacing and wheelbase filtering effect. Sun et al. 13 studied the effect of device-suspending methods on ride quality of a high-speed train with covariance method. Luo et al. 14 analyzed relationships between suspension parameters of car bodymounted equipment and the modal frequency of car body using a finite element model of the car body. Holst 15 studied passive and active damping of car body vibrations by suspending a transformer to the car body. It is seen that most researches only considered numerical studies on the effect of car body-mounted equipment on the car body flexible vibration. Less work has been done using experimental technologies. Although high-speed EMUs have been in operation for decades in Japan, France, and Germany, and for years in China, researchers are still working on a better method to suspend the equipment reasonably.
In the present study, the effect of car bodymounted equipment on the car body flexible vibration is investigated using numerical simulations and experimental tests. First, a vertical rigid-flexible coupling vehicle model was set up and then it was validated through a field test. Using the validated model, studies are focused on the influence of equipment connection parameters on the frequency response of the car body and passenger's comfort. Finally, a case study on the car body flexible vibration reduction with a DVA attached to a car body is carried out by experimental tests, and its effectiveness is validated.
Railway vehicle model considering car body flexibility
Vehicle modeling Figure 2 shows the model discussed in this article, in which only vertical vibration modes (i.e. bounce, pitch, and flexible bending modes) influencing vertical ride comfort are included. It is considered as a rigid-flexible coupling system, composed of car body-mounted equipment attached to a flexible beam for the car body, rigid bodies for two bogie frames and four wheelsets. The car body is modeled as a simple uniform Euler-Bernoulli beam, supported through the secondary suspension to the bogie frames. The equipment is treated as one degree-of-freedom rigid body, fastened through the related connections to the car body. The bogie frame is treated as two degree-of-freedom rigid body, supported through the primary suspension to the wheelsets. Running to the right at a constant speed, the wheelsets are supposed to be closely supported by the rails, which means that no wheel jump happens and vertical movements of the wheelsets are exactly the same as track irregularities. This hypothesis indicates that the track is rigid, and although some deviated from the reality, it does not affect the conclusions of this study as the natural frequencies of track are much higher than the first vertical bending frequency of the car body. Table 1 gives the main parameter values for a typical high-speed railway vehicle.
Assuming the car body as a uniform EulerBernoulli beam, the equation of motion for the elastic car body is given by EI @ 4 uðx, tÞ
where, u(x, t) is the vertical displacement of the car body, and t and x represent the time and distance along the beam. EI, A, and 'I denote the bending rigidity, mass per unit length, and internal damping coefficient of the beam, respectively. d(x) is a Dirac function. F sk and F e are the external force acting at the point x k on the secondary suspension and that at the point x 3 on the equipment, and can be expressed as
where k 2 , c 2 , k e , and c e denote the secondary suspension stiffness, secondary suspension damping, equipment mounting stiffness, and equipment mounting damping, respectively. z bk (k ¼ 1,2) and z e denote the bogie bounce and equipment bounce, respectively. To solve the partial differential equation (1), the variable separation method is usually applied. 3 It is assumed that Y i (x) and q i (t) denote the eigenfunction of the beam and its principal coordinate of ith mode, and that N is the number of the bending mode we choose to consider the car body flexibility. When rigid modes of the car body bounce z c (its eigenfunction: 1) and pitch c (its eigenfunction: x À L/2) are included with the flexible modes in u(x, t), the vertical displacement of the car body can be written as
Considering the orthogonality of eigenfunctions and the characteristic of Dirac function, equation (4) can be derived by substituting equation (3) into equation (1) and integrating along the length of the car body.
where L, m c , and I c denote the length, mass, and moment of inertia related to the pitching motion of the car body. ! i and i denote the angular frequency and damping ratio of the ith order bending mode of the car body, respectively, and are expressed as
For the free-free beam, the bending eigenfunction is The equations of motion for the front and rear bogies and the car body-suspended equipment can be written using normal Newtonian mechanics as
where m b , I b , and m e are the mass, moment of inertia related to the pitching motion of the bogie frame, and mass of equipment, respectively. b1 ( b2 ) denotes the bogie pitch. k 1 and c 1 denote the primary suspension stiffness and primary suspension damping. L s and L t are half of the vehicle length and wheelbase. z w1 , z w2 , z w3 , and z w4 denote wheelset displacements. Since connections for the car body-mounted equipment are varied for different kinds of vehicles, for the sake of convenience, the natural frequency, f e , and damping ratio, e , of the equipment are introduced to consider the influence of equipment connections on the car body flexible vibration.
Models of the vehicle system denoted by ''No equipment,'' ''Elastically suspended equipment,'' and ''Fixed equipment'' are also set up in this article. ''No equipment'' represents the model with no equipment mounted on the car body, ''Elastically suspended equipment'' represents the model with the equipment bounce included in the equations of motion, whereas the model of ''Fixed equipment'' is obtained by lumping the equipment mass rigidly onto the car body.
Writing equations (4), (8) to (12) in matrix form, motions of each body can be solved numerically using compiled MATLAB codes.
Model validation
In order to validate the effectiveness of the proposed vehicle model, time domain simulations have been performed and numerical results are compared to those obtained from a field test at the speed of 350 km/h. A spatial sample of track irregularities characterized by wavelengths from 1 to 100 m is obtained from the field test, of which only vertical parts have been taken into account as a system input, as shown in Figure 3 . In this article, only the first bending mode of the car body is considered excluding higher bending modes because of their higher structural damping and negligible effect on the passenger's ride comfort. 3 Vertical accelerations at the car body center are calculated in the time and frequency domains and compared to the corresponding measured data as shown in Figure 4 . It is seen that both time histories and spectra show good agreement. Peak-to-peak accelerations in the two time histories are similar. The numerical model correctly reproduces vehicle responses up to 13 Hz, but there exists some differences above 13 Hz. To exactly reproduce the complex car body elastic vibration, a finite element model of a car body should be built and incorporated into an MBS vehicle system. 16 However, changing bending frequencies of a FEM vehicle model to a particular value is comparatively difficult. As we mainly focus on the flexible vibration reduction for the first bending mode of the car body, the simplified model is qualified. 
Frequency response analysis
Frequency response, as a constant amplitude oscillation after the effect of initial conditions dies out, is the steady-state solution of equations of motion when the system is harmonically excited. 17 In the frequency response analysis, the steady-state amplitude of an oscillation as a function of the excitation frequency at a certain position is studied. Herein, interest is confined to the response of the car body to the excitations applied to the wheelsets. In order to fully excite the first bending vibration of the car body, the harmonic excitation (its amplitude denoted by ''a'') is supposed to be imposed in phase on the four wheelsets at the same time. The measuring point of the car body response is obtained at the car body center, where the first bending vibration of the car body is most prominent. In the course of this study, the basic parameter values of the vehicle system listed in Table 1 are used. When changing one parameter for the parametric study, the other parameters of the vehicle system remain unchanged. Table 1 . After introducing the equipment and being firmly fixed to the middle of the car body, it decreases slightly, by approximately 0.6 Hz, depending on the weight of the equipment. This is because the equipment vibrates in phase with the car body, and thus it contributes to an increase of the total mass of vibration. The slight decrease in f 1 results in a slightly increased magnitude of vibration at that frequency, which is not beneficial for reducing the car body elastic vibration and should deserve special attention. For the case ''Elastically suspended equipment,'' the frequency near f 1 for this coupled system is separated into two new ones compared to that of ''No equipment,'' one lower (f lower ) and one higher (f higher ) than the original. By careful observation into their modal shapes as shown in Figure 6 , it can be found that the frequency decreases since the equipment vibrates in phase with the car body as if the mass of equipment is added to the car body, while the frequency increases since the equipment vibrates opposite in phase with the car body as if the mass of equipment is removed from the car body. It can then be inferred that, on account of its elastic connections to the car body, the equipment behaves as a DVA, changing the shape of the car body flexible vibration.
In order to get optimal parameters for the DVA, the following non-dimensional parameters are defined Dimensionless frequency:
Tuning ratio: the dynamic amplification factor or the transmissibility of the beam is given by 18 
Að gÞ
The frequency response function given in expression (14) is of the same form as that considered by Brock 19 and Snowdon 20 with the exception that the mass ratio has been replaced by Y 2 1 ðx 3 Þ. Hence, the results given by Brock 19 and Snowdon 20 are directly applicable to this problem. In this case, the optimal tuning ratio is
The square of the frequency response function with viscous damping considered for the DVA is given as
With the similarity of this expression to that considered by Brock 19 the optimal damping can be written as
where Y 1 (x 3 ) is the eigenfunction for the first bending frequency of the car body at the suspending position x 3 of the DVA. According to the theoretical analysis by Jacquot, 18 the optimal tuning ratio and damping ratio can be picked to give a maximal effect on the vibration suppression, on an Euler-Bernoulli beam which has any of the regular boundary conditions: free, clamped, or pinned. This method could be used to tune the absorber to the first mode or a higher resonant frequency, or for several absorbers, each tuned to a different resonance. The optimal stiffness and damping of the equipment connection can thus be expressed as
Figure 7(a) shows the effect of the natural frequency of the equipment f e on the frequency response at the car body center. It is seen that with f e increasing the magnitude at f lower increases while that at f higher decreases, accompanied by the gradual increase of the two frequencies. The larger the frequency f e , the more the coupled system looks like the unfavorable system with the equipment fixed. Too low values of f e are also unfavorable as the transmission of excitations to the car body vibration is relatively large. When the optimal value of f e is obtained, vibrations at f lower and f higher can be both controlled at a low level. It should be pointed out that, in order to work as a DVA the equipment needs to undergo a fairly large displacement relative to the car body, as illustrated in Figure 7 (b). This is because vibration energy of the car body is transferred to the attached DVA through its connections. As a result, the car body flexible vibration is greatly reduced to negligible proportions. This may have an impact on the durability of the equipment and its fastenings. However, it is not covered in this article. Keeping the frequency f e being the optimal value, the effect of the damping ratio of the equipment e on the frequency response at the car body center is illustrated in Figure 8 (a). It shows that the car body flexible vibration changes greatly with the damping ratio.
With e increasing, the magnitude of vibrations at f lower and f higher decreases. However, too large values of e will reversely exacerbate the vibration and the magnitude curve becomes close to that of the fixed equipment. On the other hand, increasing e is good to suppress the displacement of the equipment relative to the car body, as shown in Figure 8 (b), which will relieve the durability issue mentioned above definitely. When the optimal value of e is obtained, both the car body elastic vibration and equipment vibration can be effectively suppressed. However, optimal damping is usually such a large value (0.224 in this case) that compact rubber springs cannot afford. Generally speaking, damping ratio of a rubber spring should be less than 0.075; otherwise, it will easily become heated and thus will age and creep quickly. 13 Therefore, when we design the rubber spring for the car body-mounted equipment connections, the optimal frequency f e is first considered. Figure 9 shows the effect of the equipment mass m e on the frequency response at the car body center, keeping f e being the optimal value. It is found that with m e increases, the magnitude of vibrations at f lower and f higher decreases. Increased mass of the equipment broadens the frequency gap between f lower and f higher . Too small weights of the equipment hardly have any contribution to the car body flexible vibration reduction, while large weights of the equipment can effectively suppress the car body elastic vibration. Hence, the only proper mass to be tread as a DVA is traction transformer or converter which generally weighs a few tons. It is not profitable to add an extra mass for this purpose.
Generally, the equipment is mounted 0-6 m away from the car body center. The effect of the mounting position x 3 on the frequency response is illustrated in Figure 10 . It shows that the closer the equipment mounted to the car body center, the smaller the car body flexible vibration. A mounting position more than 4 m away from the car body center has little contribution to the reduction of car body flexible vibration. This can be easily understood since the modal deformation of car body is quite large in the car body center according to the eigenfunction of the first bending mode. Thus, the equipment can work effectively as a DVA here.
Ride comfort analysis Methodology to assess ride comfort
Passengers will subjectively feel the car body motions transmitted through the supporting surfaces on the running vehicle. The perceived comfort depends on the expectations of the passenger for a particular type of service (commuter, high speed, etc.). This is evaluated by comfort index, a necessary tool to quantify the effect of car body motions on ride comfort for passengers and to assess and optimize vehicle suspensions. There is a variety of comfort indexes used all around the world. In this article, two kinds of comfort indexes are introduced, i.e. a wrms21 and W
22
, which are widely used in China especially for high-speed railway vehicles.
Comfort index a
wrms , an RMS value of frequencyweighted accelerations on the car body floor, is well described in the European standard EN 12299 and evaluated as
where a w (t) is the frequency-weighted acceleration as a function of time t, and T is the duration of the measurement. The filter function for the vertical direction is illustrated in Figure 11 . It is seen that human beings are considered to be most sensitive to frequencies in the 5-15 Hz range in the vertical direction. The proposed evaluation scales for ride comfort according to EN 12299 are described in Table 2 . For newly built high-speed railway vehicles, 0.2 m/s 2 is used as a target criterion.
Comfort index W is another comfort evaluation method, which has a longer history and is widely familiar in the railway industry. W is well described in the Chinese standard GB 55.99-85 and defined as
where A, f, and F(f) refer to the peak acceleration amplitude of a frequency component derived from an FFT analysis of measured accelerations, its corresponding frequency, and frequency-weighted function, respectively. The filter function for the vertical direction is illustrated in Figure 11 . It is seen that human beings are considered to be most sensitive to frequencies in the 4-7 Hz range in the vertical direction. The proposed evaluation scales for ride comfort according to GB5599-85 are listed in Table 2 . For the newly built high-speed railway vehicles, it is desirable to confine W below 2.5.
Results of ride comfort analysis
To investigate the effect of the car body-mounted equipment connections on the comfort index, a numerical estimate of the elastic vibration of the car body is derived by using the numerical simulation to reproduce the car body vibration under the excitation of measured random track irregularity, as may occur during a test running. Figure 12 presents the comfort indexes of a wrms and W, measuring at the car body center and above the bogie center by increasing vehicle speed in the 180-320 km/h range, using the basic parameter values listed in Table 1 . To make a comparison between these two indexes, instead of using specific evaluation indexes directly obtained when processing the simulation results, a factor is computed which represents the ratio between a given index and its related limit value expressed as a percentage. Accordingly, values under 100% mean compliance to the related standard, while those over 100% represent non-compliant ones. With the initial speed of 180 km/h, the vehicle speed is increased by 10 km/h each step. It is seen that there is a trend toward enhanced values of ride indexes due to gradually increasing vehicle speed. However, in the vicinity of speeds 230 and 300 km/h, ride comfort deteriorates sharply. This is caused by the car body flexible resonant vibration, arising from the so-called ''geometric filtering'' effect as described in Zhou et al. 23 in detail. This filtering effect occurs when the car body bending frequency approaches the excitation frequency f r ¼ nv/(2L s ), where n is an integer number. However, because of the ''wheelbase filtering'' effect, peak values of the comfort indexes do not happen precisely at this resonant frequency. In addition, comfort indexes at the car body center are bigger than that above the bogie center at resonant speeds. This is easy to be understood since the first bending mode of the car body has the most significant effect on the car body vibration as shown in Figure 4 , and its mode shape has the largest deformation in the center of the car body. Thus, in the following investigations ride indexes are given at the car body center by default. Figure 13 shows the effect of the natural frequency f e and damping ratio e of the equipment on the normalized results of ride comfort analysis. It is seen that too small and large values of f e are not good to ride comfort. The most favorable value for ride comfort is near the optimal frequency of a DVA mass. Furthermore, a slight increase of the damping ratio e is helpful to enhance passenger's ride comfort. Figure 14 shows the effect of the equipment mass m e on the normalized results of ride comfort analysis. It is seen that too small values of mass cannot contribute much improvement to ride comfort. The larger the mass m e , the smaller the ride indexes at the optimal DVA frequency. Figure 15 shows the effect of the mounting position x 3 on the normalized results of ride comfort analysis. It shows that the closer the equipment mounted to the car body center, the better the ride comfort. A mounting position more than 4 m away from the car body center has little contribution to enhancing the ride comfort. Furthermore, it is seen from Figures 13 to 15 that ride index a wrms is more sensitive to the change of f e than that of W. This is mainly because index a wrms is more weighted in frequencies near 10 Hz than index W in the vertical direction, as shown in Figure 11 .
In the case of nominal values for the system parameters, it does not pose any problem even when the car body flexible resonant vibration happens. In order to find the most conservative index for the ride comfort evaluation, the first bending frequency and the Optimal frequency of the DVA mass Figure 13 . Effect of f e and e on the normalized results of ride comfort analysis. suspension damping are changed at the speed of 300 km/h, as illustrated in Figure 16 . It shows that increasing the first bending frequency (stiffening the car body structure) will improve the ride comfort. However, there exist some resonant frequencies. For the resonant frequency near 6 Hz, it occurs because the first bending frequency approaches the damped bounce frequency of bogies. Increasing the primary suspension damping can suppress the bogie bounce, and thus it can reduce the car body flexible vibration. For the resonant frequencies near 9 and 13 Hz, it occurs because the first bending frequency coincides with one of those frequencies f r ¼ nv/(2L s ). Secondary suspension damping has a relatively bigger effect on the ride comfort than the primary suspension damping, and a low value of secondary suspension damping is favorable for the ride comfort. For the considered cases, the limit value of index a wrms is most likely to be exceeded, whereas index W is less likely to exceed its limit value. These issues need to be better investigated in the future studies, as they have a relevant impact on the estimate of ride comfort by numerical simulation and even through physical testing.
Experimental studies with a high-speed test vehicle
In order to partially validate the previous results obtained from the numerical analysis, some relevant Figure 15 . Effect of x 3 on the normalized results of ride comfort analysis. tests have been carried out to reduce the car body flexible vibration of a high-speed test vehicle using a DVA attached to the car body underframe. Originally, the car body of this vehicle is just a welded aluminum-alloy structure without any floors, seats, doors, glasses, and electrical equipment installed. It has the length of 24.5 m, width of 3.38 m, height of 3.5 m, and mass of 8500 kg. In order to reproduce the tare weight state of car body, it is loaded with dozens of iron blocks with a total mass of 9500 kg distributed according to the locations of passengers' seats, and a DVA (electrical equipment) with a mass of 6000 kg suspended near the center of car body underframe.
Optimal parameters of the DVA attached to car body
To identify the optimal parameters of the DVA attached to the car body, first the flexible modes of car body vibration are obtained through a modal test. Figure 17 shows the exciters, excitation points and measuring points used in the test. The acceleration is measured by piezoelectric accelerometers at 28 points on the floor and roof of car body (distributed on seven sections, and each section with four points at the corner of car body). It is measured in the lateral and vertical directions at the same time.
The excitation forces are directly provided by four electro-dynamic exciters beneath the floor to excite the car body in the vertical direction. The model test is carried out three times with three different load cases of the car body. Case 1: aluminum-alloy structural car body (8500 kg); Case 2: aluminum-alloy structural car body (8500 kg); and iron blocks (9500 kg) distributed according to the locations of passengers' seats, with a total mass of 18,000 kg. Case 3: aluminum-alloy structural car body (8500 kg), iron blocks (9500 kg) distributed according to the locations of passengers' seats, and a DVA (electrical equipment, 6000 kg) suspended near the center of car body underframe, with a total mass of 24,000 kg. Figure 18 shows the first three mode shapes of the car body flexible vibration obtained in the modal test. In these three tests, mode shapes remain unchanged except the corresponding natural frequencies (see Table 3 ). The first mode is vertical bending which is the object of vibration absorption in this work. It is very similar to a free-supported elastic beam, which has been considered in the numerical modeling. Its corresponding natural frequency decreases with increase of additional loads. The second and third modes are diagonal distortion and torsion, which will be ignored as they are not the focus of this work.
According to the DVA theory, the mass and natural frequency of the beam before a DVA attached should be used to get the optimal parameters of the DVA. It is Case 2 in this study. Previous modal test of Case 2 shows that the frequency of the vertical bending is 15 Hz under this condition. To act as a DVA, an electrical device with a mass of 6000 kg is suspended under the car body. Since the first vertical bending mode is very similar to a free-supported elastic beam, its theoretical eigenfunction as expressed in equation (6) is used to get DVA's optimal parameters. The equipment is elastically suspended near the center of the car body (9.85 m away from the car body end), thus the shape function is Y 1 ð9:85Þ ¼ 1:04. From equation (18), m e ¼ 6000 kg, m c ¼ 18, 000 kg, and Y 1 ðx 3 Þ ¼ 1:04, we can get the optimal stiffness of the mounting system k opt e ¼ 28:8MN=m. In order to suspend such a big mass safely and reliably, 16 rubber springs are decided to be used in this mounting system as shown in Figure 19 . As a result, the optimal stiffness of each rubber spring is 1.8 MN/m.
Stiffness measurements of the rubber spring used in the DVA suspension systems
In this study, stiffness characteristics are critical to the function of the DVA; therefore, appropriate tests must be conducted. Figure 20 shows the test bench designed to carry out the stiffness measurements of the rubber spring used in the DVA suspension systems. It is equipped with a three-phase electro hydraulic servo system that allows for testing up to a maximum frequency of 100 Hz. The structure of the rubber spring used in the DVA suspension systems is shown in Figure 21 . It is composed of an inner metal base, a layer of rubber, and an outer metal base. The rubber layer is cone shaped which is sandwiched between these two metal bases. Rubber spring is a strong nonlinear element. Its behavior under dynamic operating conditions is different from that under static conditions. As the DVA works in a high-frequency range near the natural frequency of the car body, the dynamic characteristics of the rubber spring should be taken into consideration and measured in a dynamic test. Otherwise, the DVA may not work in its optimal state. As a comparison, the static characteristics of the rubber spring have been also measured in a static test.
The static test is designed by applying deflections up to 20 mm to the rubber spring with a constant velocity of displacement at 28 mm/min, and then unloading. Measurements are carried out by applying such a deflection and recording the corresponding force. For each configuration, three cycles are carried out successively without interruption, and the third cycle is recorded. The static characteristic is determined on the part of the recording corresponding to the increasing force curve OA as shown in Figure 22 . The static stiffness k s is determined using the following formulas. The dynamic test is designed by applying a stepped sine displacement starting at 1 Hz to a maximum frequency of 100 Hz, with an amplitude held constant at 0.2 mm and preloaded at a varied mean displacement from 8 to 14 mm. The instantaneous movement applied on the rubber spring is expressed as
where d(t), d p , a, f, and t denote instantaneous movement, mean displacement, amplitude of the displacement, frequency, and time, respectively. Measurements are carried out by applying such a deflection and recording the corresponding force. For each configuration, the excitation is applied for 10 cycles before recording. The dynamic characteristic is determined on the last cycle of the force-deflection curve as shown in Figure 23 . The dynamic stiffness k d is defined as being equal to the ratio of the force variation to the displacement variation. Mean displacement:
Figure 24. Effect of mean displacement (preload amplitudes of deflection) on the dynamic stiffness.
magnitude of stiffness increases with frequency which represents the expected behavior for a rubber spring. Preload amplitudes of the deflection applied on the rubber spring have little effect on the dynamic stiffness. Three types of rubber springs denoted by Type A, Type B, and Type C (differing in structures and sizes) are selected and tested under the same procedure. Results of the static stiffness and dynamic stiffness of the DVA are shown in Table 4 . It should be pointed out that the static and dynamic stiffness in Table 4 is the average result of samples for each test. As the dynamic stiffness of the rubber spring changes a lot for varied frequencies, the frequency when the DVA works in its optimal state is calculated f opt e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi k opt e =m e p = 2 ð Þ ¼ 11Hz. Thus, the stiffness at 11 Hz is picked out as dynamic stiffness. Since the dynamic stiffness of the rubber spring changes little for varied amplitudes of the deflection applied on the rubber spring, results of the dynamic stiffness at 11 Hz are averaged for the testing amplitudes for each sample. It is seen that the dynamic stiffness of all rubber springs in Table 4 are four times larger than the static stiffness. The dynamic stiffness of Type A has a good approximation to the optimum stiffness of the DVA, which is promising to get the best effect of shock absorption of the car body flexible vibration.
It is pointed out that any mounting conditions which may have an influence on the stiffness characteristics shall be defined before the tests. Component preloading are considered in this study; however, effects of other factors such as age and temperature on the static and dynamic characteristics are not considered here due to the limitation of test capabilities.
Vibration-absorption performance of the DVA attached to car body In order to investigate the effect of the DVA on the car body flexible vibration, roller rig tests of the highspeed test vehicle have been conducted (see Figure 25 ). The roller rig is composed of several subsystems including the test unit, driving system, hydraulic system, monitoring system, and data acquisition and processing system. Each roller can move in vertical and lateral directions independently under servo control. Its main technical specifications are listed in Table 5 . Throughout the experiment, the test vehicle is running at its normal state with air springs inflated and DVA suspended near the car body center. The roller rig test in this paper is limited to study the effect of equipment mounting stiffness on the car body flexible vibration due to the limitations of this test. The effect of mounting position and equipment mass cannot be verified.
Results of frequency response analysis. First, frequency response of the car body to a swept excitation was tested. The amplitude of the swept excitation is 0.5 mm, and the frequency range is 0-20 Hz with a constant velocity of frequency 0.05 Hz/s. In order to fully excite the first bending vibration of the car body, the swept excitation was imposed in phase on the four wheelsets by controlling each roller's movement at the Figure 26 shows the frequency response of the car body to the sweep excitation on the roller rig. It gives information of vibration sensitivity in terms of accelerations measured at the car body center to the loads from the wheel rail interface. It can be clearly seen that the obvious peak accelerations occur at the first vertical bending frequency when the DVA is attached to the car body rigidly, whereas, when the DVA is elastically suspended to the car body using the rubber springs with the optimal stiffness of 1.8 MN/m, the car body flexible vibration near 10 Hz can be effectively suppressed. With the stiffness of rubber springs increasing, the magnitude of the flexible car body vibration is gradually amplified. The larger the stiffness, the closer is the response to that of fixed DVA. This shows a fair agreement with the results observed in Figure 7 (a)
Results of ride comfort analysis. Figure 27 shows ride indexes W and a wrms at the car body center for the speed range of 160-380 km/h under the excitation of measured random track irregularity on the roller rig. It is seen that too large value of rubber spring stiffness will increase the ride indexes, which means deterioration to passenger's ride comfort. When the optimal stiffness of the rubber spring is chosen (namely, optimal frequency of the equipment), ride comfort is the best for the investigated speed range. This also shows fair agreement with the results reported in Figures 13  to 15 , relating to the effect of equipment mounting frequency on the ride comfort. DVA's obvious effect on the ride comfort is also confirmed on the roller rig by the time histories of acceleration and frequency spectrum of the car body vibration (see Figure 28) . As it can be seen, with the optimal stiffness of the rubber spring chosen the acceleration of the car body with the DVA elastically suspended attenuates faster than that with the DVA fixed. The acceleration amplitudes decrease because of vibration absorption of the DVA at the vertical bending frequency of the car body.
Conclusions
This article studies the effect of car body-mounted equipment connections on the car body flexible vibration. Its influencing factors are extensively investigated by using frequency response analysis and ride comfort analysis theoretically and experimentally. Through the work of this article, the following conclusions can be drawn.
1. On account of its elastic connections to the car body, the equipment behaves as a DVA. The optimal suspension stiffness and damping can be deduced theoretically by considering the first bending frequency of the car body and the mass ratio of the equipment to the car body. 2. The weight and installing position of the equipment are of importance. Large weights of the equipment mounted 0-4 m away from the car body center can effectively suppress the car body elastic vibration. For high-speed vehicles, the only proper mass to be tread as a DVA is traction transformer or converter which generally weighs a few tons. It is not profitable to add an extra mass for this purpose.
3.
Results from experimental studies of a high-speed test vehicle show fair agreement with the theoretical analysis. Elastically suspended equipment can effectively improve passenger's ride comfort, and optimal parameters of the equipment can suppress the car body flexible vibration most. For engineering applications, to get the optimal parameters of the DVA modal test of the car body and measurements of the dynamic stiffness of the rubber spring is recommended.
Due to constraints of costs, time to market and other considerations, mode test of the car body and absorption performance evaluation on the roller rig may be replaced by setting up an accurate and complete FEM car body model and incorporated into an MBS vehicle system. This will be studied further in future works. Moreover, it should be pointed out that, in order to work as a DVA, the equipment needs to undergo a fairly large displacement relative to the car body. This may have an impact on the durability of the equipment and its fastenings. Thus, much attention should be paid in future studies. To conclude, on-track tests should be performed in the future to confirm the absorption performance of the DVA.
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